Abstract. We continue to study and present concrete examples in characteristic 2 of compound Du Val singularities defined over an algebraically closed field which have one dimensional singular loci but cannot be written as products (a rational double point)×(a curve) up to analytic isomorphism at any point of the loci. Unlike in other characteristics, we find a large number of such examples whose general hyperplane sections have rational double points of type D. We consider these compound Du Val singularities as a special class of canonical singularities, intend to complete classification [12, Theorem 3] in arbitrary characteristic reinforcing Miles Reid's result in characteristic zero [15, (1.14)].
Introduction
We consider varieties defined over an algebraically closed field k of characteristic p ≥ 0. The hypersurface singularity in A 4 k with p = 3 given respectively by z 2 + x 3 + y 4 + wy 3 = 0, z 2 + x 3 + y 4 + x 2 y 2 + wy 3 = 0 has a one dimensional singular locus C, and posesses a crepant resolution. Simple observation of blow-ups finds that these cannot be written as fiber products (a rational double point) × (a curve) up to analytic isomorphism at any x ∈ C. These are the examples of canonical singularities in positive characteristic which show that Miles Reid's result in characteristic 0 needs some modification when one generalizes it to arbitrary characteristic. One way to study such singularities is to examine versal deformations of rational double points. In the preceding work, we proved that these examples are also exhaustive in p ≥ 3, i.e. there is no such example in p ≥ 5 and in p = 3 there is no other in the following sense. Theorem 1.2 (HIS, [12] We call such deviations non-classical compound Du Val singularities. We want to complete classification. As a first step, we present in this paper concrete examples in p = 2. Theorem 3.1 is our main result. See also tables 2, 3 and 4 where equations are summarized. Table 2 . Non-classical compound Du Val singularities in p = 2, II.
Type
Defining equation
As one can see, there are quite a few compared with two equations in p = 3. Among them six were already known [12, Theorem 2] , which are marked by boxes in the main theorem, but we believe others are new.
As for the question of rationality, it might be suggestive that if one sticks to traditional notion, these examples exhibit no peculiarity.
Corollary 4.1 Let X be a hypersurface singularity given by one of the equations in Theorem 3.1. Then the following assertions hold.
i) R i π * OX = 0 (i > 0) holds for any resolution of singularities π :X → X. ii) R i π * KX = 0 (i > 0) holds for any resolution of singularities π :X → X.
However, if one asks about F -rationality (cf. [3, §10] ), these examples turn out to be highly irrational.
Proposition 4.2 Let X be a hypersurface singularity given by one of the equations in Theorem 3.1. Then the following assertions hold. i) X is F -pure if and only if the type is one of E
3 7 F 4 , D 1 4 B 1 , D 1 4 B 2 , D 1 5 C 3 , D n−1 2n B n−1 , D n−1 2n Bn, D n−1 2n C 2n−2 , D n−1 2n+1 B n−1 , D n−1 2n+1 C 2n−1 with n ≥ 3. ii) X is not F -rational.
Preliminaries
Standard notation and terminologies found for example in [11] , [14] should be used without mentioning in this paper.
We distinguish rational surface singularities in the sense of Artin [1, p. 129 ] from those in the sense of Lipman [13, Definition (1.1)]. The former is the notion for surfaces defined over an algebraically closed field, whereas the latter is the notion for excellent surfaces.
Recent works of Cossart and Piltant [4] , [5] , Cutkosky [6] on resolution of singularities of three dimensional varieties in arbitrary characteristic allow us to define canonical and terminal singularities in the same way as in characteristic zero [15] .
Definition 2.1 ([12]
). Let X be a quasi-projective normal variety of dimension two or three defined over an algebraically closed field k of characteristic p. Then X is said to have only canonical (resp. terminal) singularities, if the following conditions are satisfied.
i) X is Q-Gorenstein, i.e. there exists a positive integer m such that mK X is a Cartier divisor. ii) There exists a resolution of singularities π :X → X, such that mKX ∼ π * (mK X ) + i a i E i with a i ≥ 0 (resp. a i > 0), where E := ∪ i E i is the irreducible decomposition of the exceptional divisor of π.
As in characteristic zero, the definition of canonical (resp. terminal) singularities are independent of the choice of resolutions π :X → X. [12, Propositions 11, 12, Lemma 13] ). Let X be a normal variety of dimension two or three over an algebraically closed field k of characteristic p ≥ 0, and π :X → X be a resolution, i.e. a proper birational morphism from a nonsingularX. Then for any i > 0, the higher direct image sheaves R i π * OX and R i π * KX are independent of the choice of resolutions π :X → X. In particular, if X is nonsingular, these sheaves are zero.
Proposition 2.2 (HIS,

Concrete equations
In this section we present equations of compound Du Val singularities in characteristic 2.
Theorem 3.1. Let k be an algebraically closed field of characteristic 2, X be a hypersurface singularity defined by one of the following polynomials f (x, y, z, w) as 
⌋+1
: z 2 + xy n + xy n−r z + wx 2 + y 
. . . Proof. We divide the set of equations in question into three subsets, i.e. the subset consisting of equations labeled as type D Table 4 ) and thirdly the subset consisting of equations labeled as type E Table 2 ). We prove the assertion for type D N by induction on N ≥ 4, then one by one for type E 7 , E 8 .
As the proof of i), ii), iii) and iv) consists of repetition of elementary procedures, i.e. blowing up, applying Jacobian criterion for regularity, exchanging coordinates, etc., we present here only the essential step of induction for assertion iii) and iv), i.e. type D n−1 2n through D 0 2n+1 with n ≥ 4. By Jacobian criterion for regularity over an algebraically closed field k, we find that the line defined by x = y = z = 0 is the singular locus of each hypersurface. So we blow up this line and examine the resulting singularities first in the chart x ′ = x/y, y ′ = y, z ′ = z/y, (w remains unchanged). The equations are obtained easily (cf. the tables below which should be combined with Table 4 ), so we identify the equations using the induction hypothesis. Verification goes straightforward, however some coordinate changes are required in the following cases.
For the singularity of type D r 2n B ⌊(n+1)/2⌋ with 1 ≤ r ≤ n/2 and 4 ≤ n, we have the equation after a blow-up (z
2 ⌋−1 = 0. First we consider the case n is even. Introduce a new coordinate y 
2 = 0 with u 1 , u 2 units. We may replace u 1 , u 2 by 1 in a similar way as above. This is the singularity of type D 0 2(n−2) B (n−2)/2 . Secondly we consider the case n is odd. But a straightforward checking finds the singularity is of type D 
with an appropriate coordinate w ′ and a unit u 1 . This u 1 may be replaced by 1 and the singularity is of type D
(**) D 
Then factor out (z ′ ) 2 and we have 
For D r 2n+1 C n+1 with 1 ≤ r ≤ n/2 and 4 ≤ n. We have (z
This is the singularity of type D r−1 2(n−1) C n−1 . For the singularity of type D 0 2n+1 C n+1 with 1 ≤ r ≤ n/2 and 4 ≤ n. We have (z
This is the singularity of type D 0 2(n−1) C n−1 .
In the other chart x ′′ = x, y ′′ = y/x, z ′′ = z/x, (w remains unchanged), for the equations labeled with C n we find a trivial product of the rational double point of type A 1 and a nonsingular curve, but for other equations the resulting surfaces are nonsingular. This makes the induction work, and we obtain assertions iii) and iv).
For the assertion v), we consider a generic hyperplane section and substitute w by ξx + ηy + θz + ι with variables ξ, η, θ, ι. Each polynomial listed in Tables 2, 3, 4 is viewed as an element of k(ξ, η, θ, ι)[x, y, z]. Then we apply the classification algorithm of Lipman [13, §24] first over the function field k(ξ, η, θ, ι), then we examine how the field extension of k(ξ, η, θ, ι) affects the singularities. If the invariant τ of the quadratic form Q(X, Y, Z) (loc. cit.) satisfies τ ≥ 2, we have a generic hyperplane section with the singularity of type B n . If τ = 1, then we consider the cubic form G(U, V) ∈ k(ξ, η, θ, ι)[U, V ] (loc. cit.). If G(U, V) is the product of a linear and an irreducible quadratic factor over k(ξ, η, θ, ι), we have the singularity of type C 3 . If G(U, V) = UV 2 , we have type C n with n ≥ 4, and if G(U, V) = aV 3 (a = 0), we have type F 4 . For singularities over an algebraically closed field k(ξ, η, θ, ι), we need examine if the quadratic form Q(X, Y, Z) as well as the cubic form G(U, V) are factorized further. The Tjurina numbers can be read off from these Gröbner bases. It is also checked that the associated graded ring of the Tjurina algebra over k(ξ, η, θ, ι) with respect to the nilradical (x, y, z) is essentially obtained by coefficient extension of that of the closed fiber, i.e. one has the isomorphism gr 
On rationality
Whether Grauert-Riemenschneider vanishing theorem holds for our examples needs to be clarified. Proof. First note that assertion i) and ii) are equivalent to each other because we have a crepant resolution π :X → X, from which follows the equality KX ∼ = OX . From the previous theorem we know that a general hyperplane section H ⊂ X has a rational double point. Let π 1 : X 1 → X be the blow-up along the singular locus of X. Bertini's theorem tells us that this π 1 restricted to H is also a point blow-up. The locus of a rational double point of π * 1 H corresponds to the singular locus of X 1 . Then a general hyperplane section H 1 ⊂ X 1 also has a rational double point, and direct calculation of cohomologies gives the vanishing.
It might be worth mentioning that our examples are irrational from the viewpoint of the theory of tight closures. , one can determine the F -purity and F -regularity of rational double points using the criteria for the defining equations given by Artin [2] . 
